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Abstract. We study Vertex- Reinforced- Random- Walk on the com- 
, plete graph with weights of the form w(n) — n a , with a > 1. 

Unlike for the Edge-Reinforced-Random-Walk, which in this case 
localizes a.s. on 2 sites, here we observe various phase transitions, 
and in particular localization on arbitrary large sets is possible, 
provided a is close enough to L Our proof relies on stochastic 
approximation techniques. 



Oh 



1. Introduction 

This paper considers a Vertex- Reinforced Random Walk (VRRW) on 
a finite complete graph with weights w a (n) := (n + l) a in the strongly 
iy) | reinforced regime a > 1 . 

Such a process is a discrete time random process (X n ) n >o living in 
^ ■ E — {1, . . . , N} and such that for all n > and j £ i£, 

where Z n (j) := Y^e=o •"•{^=i}> * s ^ ne num ber of jumps to site j before 
time n, and T n = <j(Xk] k < n). 
^ | The linear regime (i.e a = 1) has been initially introduced by Pe- 

mantle [P] on a finite graph and then extensively studied for different 
type of graphs by several authors ( |PVl \T1\ IV] ILVl IBT| ). 

The main result of the present paper is the following: 

Theorem 1.1. Let N > 2 and a > 1 be given. Then the following 
properties hold. 

(i) With probability one there exists 2 < £ < N, such that {X n ) 
visits exactly I sites infinitely often, and the empirical occupa- 
tion measure converges towards the uniform measure on these 
i sites. 

(ii) Let 3 < k < N. If a > (k - l)/{k - 2), then the probability to 
visit strictly more than k — 1 sites infinitely often is zero. 

l 
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If a < (k — l)/(k — 2), then for any 2 < £ < k, the probability 
that exactly i sites are visited infinitely often is positive. 

This result has to be compared with the situation for Edge Rein- 
forced Random Walks (ERRW). Limic |L] (see also |LT] ) . proved that 
for any a > 1, and for any free loops graph with bounded degree, the 
ERRW with weight w a visits only 2 sites infinitely often. It has also to 
be compared to the situation on the graph Z, where for any a > 1, the 
VRRW with weights (w a (n)) visits a.s. only 2 sites infinitely often. 

It might be interesting to notice also that when we add one loop to 
each site, i.e. when at each step, independently of the actual position 
of the walk, the probability to jump to some site % is proportional to 
w a (Z n (i)), then Rubin's construction (see [D]) immediately shows that 
the walk visits a.s. only one site infinitely often. In fact with our 
techniques we can study a whole family of processes which interpolate 
between these two examples: for c > 0, consider the process with 
transitions probabilities given by 

DfY • | Wa(Z n (j))l {Xn &} + CW a (Z n (j))l {Xn = j} 

r(,A n+1 — J I J- n ) - 



2~2k^x n w a (Z n (k)) + cw a (Z n (X n )) 



with the same notation as above. The case c = corresponds to the 
VRRW on the free loop complete graph, and the case c = 1 corresponds 
to the VRRW on the complete graph with loops. Then for any c > 1, 
the process visits a.s. only 1 site infinitely often, and when c G (0, 1), 
various phase transitions occur, exactly as in Theorem II .1[ except that 
the critical values are this time equal to [k — (1 — c)]/[k — 2(1 — c)], for 
2 < k < N and localization on 1 site is always possible and occurs even 
a.s. when a > (1 + c)/ (2c). Since the proofs of these results are exactly 
similar as those for Theorem 11.11 we will not give further details here. 

Finally let us observe that similar phase transitions as in Theorem 
II .11 have been observed in some random graphs models, see for instance 
[UHJllUS] . 



2. A GENERAL FORMALISM FOR VRRW 

We present here a general and natural framework for studying VRRW 
based on the formalism and results introduced in [B] and |BR] . Such 
a formalism heavily relies on stochastic approximation technics and 
specifically the dynamical system approach developed in [B2J. 

Let A = {Aij)ij<N be a N x N symmetric matrix with nonnegative 
entries. We assume that Aij > for i ^ j, and that Ylj does not 
depend on i. Let a > 1 be given. We consider the process (X n ) n > 
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living in E = {1, . . . , N}, with transition probabilities given by 
P(X — j \ T ) — M+Mg 

where Z n is defined like in the introduction. The case of the VRRW 
on the complete graph is obtained by taking 

(1) Aij = 1 - Sij. 

For i < N, set v n (i) = Z n (i)/(n + 1). Note that if A iti = and = i 
then Xk+i 7^ i- In particular for any such i, and n > 1, v n (i) < 
(1/2 + l/(n+ 1)) < 3/4. In other words, for all n > 1, v n belongs to 
the reduced simplex 



A := lv e 



< 3/4 if An = and ^ v i = 1 J 



In the following, we might sometimes view an element / = (/i)j<jv 
R as a function on E 1 , and so we will also use the notation f(i) for /j. 

Now for e G [0, 1] and v G A we let iC(e, f ) denote the transition 
matrix defined by 

for all i, j < iV. To shorten notation we let 
(3) K(v) := K(0,v). 

Two obvious, but key, observations are that 

P(X n+1 = j | T n ) = K Xnd ((n + l)-\v n )), 

and 

lim K((n + l)~\v) = K{v). 

n—¥oo 

Hence, relying on [B] and p3Rj, the behavior of (v n ) can be analyzed 
through the ordinary differential equation v = —v + tt(v), where ir(v) is 
the invariant probability measure of the Markov chain with transition 
matrix K(v). 

3. The limit set theorem 



3.1. The limiting differential equation and its equilibria. For 

v G A, set v a = (v±, . . . , Vtf), and 

(4) H(v):=Y^A iJ vfvf=(Av a 1 v a ). 



i,0 
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Note that H is positive on A. Hence one can define 

«(.) = ^, > x 

-H (V) 



From the relation 



it follows that K(v) is reversible with respect to 7r(v). 

For r = 0, 1 set T r A = {v G R N : u < = r} and let 2 : 7\A -> A 
be the map defined by i(v) = argmin{||w — v\\ : y G A}. Since A is 
convex 2 is a Lipschitz retraction from 7\A onto A. 

Let now F : 7\A — >• T A be the vector field defined as 

(5) F(v) = -v + ir(i{v)). 

Note that F is Lipschitz. Thus by standard results, F induces a global 
flow $ : K x TiA -> T X A where for all x G T X A, t i-> $(t,x) := $ t (x) 
is the solution to u = F(v) with initial condition v(0) = x. 
For any subset I C {1, . . . , iV}, we let 

A/ := G A : Vi = \/ieE\I}, 

denote the I-face of A. We let intAj = {v G A/ : Uj > Vz G /} 
denote the (relative) interior of A/. For v G A we let supp(v) = {i G 
E : Vi ^ 0}, so that t> always lies in the supp(v)-face of A. 

Lemma 3.1. The flow $ leaves A positively invariant: Vt > 0, 3>t(A) C 
A; and 

/or eac/i I C E, the face Aj is locally invariant: Vt> G A/, Vt G M, 
$t(f) G A <^> G A/. 

Proof. For all i> G A, 7r(v) lies in A. Indeed for the Markov chain 
having transition matrix K(v) the empirical occupation measure lies 
in A and by the ergodic theorem (for finite Markov chains) the same 
is true for ir(v). Hence F(v) points inward A for all v G A, proving 
that A is positively invariant. Since Fi(v) = when i»j = 0, each face 
is locally invariant. □ 

Let 

C = {v G A : F(v) = 0}, 

denote the equilibria set of F. Relying on stochastic approximation the- 
ory [H lB2tlBR] it will be shown below (Proposition ^. 5p that (v n , n > 1) 
converges almost surely to C. 

The next result is similar to the case a = 1 (see for instance [PJ): 

Lemma 3.2. The map H : A — > R is a strict Lyapunov function, 
meaning that (VH(v), F(v)) is positive for all v G A \ C. 
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2 

Vi 



Proof. One has diH{v) = 2av?-\Av a )i. Thus 
(VH(v),F(v)) = Yl 2av i~ 1 ( Av ^(-^ + ^^ 1 ) 

> o, 

with equality only when v^~ 1 (Av a )i does not depend on i G supp(f), 
i.e. only when v is an equilibrium. □ 

Remark 3.3. The bary center v = (1/N, . . . , 1/N) is always an equi- 
librium. 

Lemma 3.4. H(C) has empty interior. 

Proof. The computation of diH(v) shows that 

& - dj)H(v) = 2a(vr 1 (Av a ) i - vJ~ 1 (Av a ) j ). 

Hence, for all v in the relative interior of A, F(v) = VH(v) = 0. In 
other word C n intA = Vi/ _1 (0) fl intA. By Sard's theorem, it follows 
that H(C fl intA) has measure zero, hence empty interior. Similarly, 
for each face /, H(C fl intAj) has empty interior. This proves the 
lemma. □ 

Proposition 3.5. The set of limit points of (v n ) is a connected subset 
ofC. 

Proof. By proposition 3.3 and Theorem 3.4 in [Bj or Proposition 4.6 in 
[BRJ, we get that the limit set of (v(n)) is an internally chain transitive 
set for $. Since if is a strict Lyapunov function and H(C) has empty 
interior, it follows from Proposition 6.4 in [B2J that such a limit set is 
contained in C. □ 

In particular, when all the equilibria of F are isolated, then v n con- 
verges a.s. toward one of them, as n — > oo. 

Remark 3.6. When A is not symmetric, the convergence result given 
by Proposition 13.51 fails to hold. Indeed, an example is constructed in 
[B] with N = 3 and a = 1 for which the limit set of {v n ) n >\ equals OA. 
This behavior persists for a = 1 + e and e > small enough. 

3.2. Stable and unstable equilibria. An equilibrium v is called lin- 
early stable provided all the eigenvalues of DF(v), the differential of F 
at point v, have negative real parts. It is called linearly unstable if one 
of its eigenvalues has a positive real part. 
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Now we will see with the next result that to study the stability or 
instability of the equilibria, it suffices in fact to consider only those 
which belong to the interior of A. In the following we let (ei, . . . , ejy) 
denote the canonical basis of Mr. 

Lemma 3.7. Let v be an equilibrium. Then, for i,j G supp(v), we 
have 

D ei _ ej F(v) = (a - l)(ei - ej) + : — H( ) ^' 

i \ ' 

and for i ^ supp(v), 

D e ._ v F(v) = -{ei - v). 
Furthermore, the eigenvalues of DF(v) are all reals. 

Proof. For any i,j < N, and v G A, 



dj(Av a )i = aA ijV 



a-1 
3 ' 



and then by using that A is symmetric, we get 

djH(v) = 2av«- 1 {Av a ) r 

Thus 



H(v) H(v) 

-2a- 



Now assume that v is an equilibrium, and let i,j G supp(t>). We get 
with Lemma 1^721 

djTTilv) = dija + a — —H- 2avi, 

H[v) 

and then 

djFi{v) = 5ij(at - 1) + a — 2aVi - 

On the other hand if Vi — or Vj = 0, then 

djTTi(v) = 0, 

and thus 

djFi(v) = -6ij. 

The first part of the lemma follows. To see that eigenvalues are real, 
we may assume without loss of generality that v G int(A). Note that 
djFi(v)Vj = diFj{y)vi. Therefore, the transpose of DF{v) is self adjoint 
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with respect to the dot product (x, y) 
the proof of the lemma. 

As announced above we deduce 



= ^iViXiUi, and this concludes 
^ □ 



Corollary 3.8. An equilibrium on a face is linearly stable (respectively 
unstable), if and only if, it is so for the restriction of F to this face. 

Proof. Indeed, assume that v is an equilibrium on a face A/ associated 
to some subset /. Then the previous lemma shows that for any i £ I, 
Ci — v is a stable direction. So the result of the corollary follows from 
our definitions of stable and unstable equilibria. □ 

In other words to study the stability or instability of equilibria, and 
we will see in the next two subsections why this question is important, 
it suffices to consider those belonging to the interior of A. 

3.3. Non convergence towards unstable equilibria. The purpose 
of this section is to prove the following result. 

Theorem 3.9. Let v* be a linearly unstable equilibrium. Then the 
probability that v n converges towards v* is equal to 0. 

Proof. Let us recall now that for g £ M. N and i £ E, we use the notation 
g(i) = gi. For u, v £ M. N , we also set uv := J2i u % v i-, an d ||«|| = sup^ \ui\. 
Furthermore, C will denote a non-random constant that may vary from 
lines to lines. 

For v £ A, let Q(v) be the pseudo-inverse of K(v) defined by: 

(/ - K(v))Q(v)g = Q(v)(I - K(v))g = g - (*{v)g)l, 

for all g £ M. N , with / is the identity matrix and l(z) = 1 for all i £ E. 
Then by a direct application of the implicit function theorems (see 
Lemma 5.1 in jB]) one has 

Lemma 3.10. For any v £ A and i £ E, Q(v), K(v)Q(v) , and 
(d/d Vi )(K(v)Q(v)) , are bounded operators on£°°(E), the space of bounded 
functions on E, and their norms are uniformly bounded in v £ A. 

Now for all n > 1 and % £ E, we can write 

v n+ i(i) - v n (i) = — — ( - v n (i) + e;(X n+ i)). 
n + 1 

Note that K((n + l) -1 ,?; n ) = K(v n ), where 

v n (t) + l/(n + l) ,^.^ AT 

v n n) = : — for 1 < % < Jy. 

nKJ 1 + N (n + 1) ~ ~ 



STRONGLY REINFORCED VRRW ON THE COMPLETE GRAPH 8 
Note also that \\v n — v n \\ < C/n. Let next z n be denned by 

ZnH) = Vn{i) + K ^^ 6 ^ forl<2<iV. 

n 

Then Lemma 13.101 implies that \\z n — t/ n || < C/n. Moreover, we can 
write: 

(a \ F(z n ) e n+ i r n+ i 

(6) z n+l -z n = — — + — — + — — , 

n + 1 n + 1 n + 1 

where e n+ i and r n+ i are such that for all 1 < i < N, 

e n+ i(i) := Q(v n )ei(X n+1 ) - K(v n )Q(v n )ei(X n ), 
and r n+1 = J2k=i r n+i,k, with 

r n+1) i = F(v n ) - F(z n ) 

r n +i,2 = n(v n ) - ir(v n ) 

n+ 1 



f«+i,3W = ^(w„)Q(wn)ei(X n ) 1 

\ n 

rn+i.S) = K(v n+1 )Q(v n+1 )ei(X n+1 ) - K(v n )Q(v n )ei(X n+1 ), 
for 1 < i < N. 

By using the facts that F and tt are Lipschitz functions on A, \\v n — 
v n \\ + \\ v n ~ z n\\ < C/n, and by applying Lemma f3 . 1 ^ we deduce that 

IK + i|| < C/n. 

Moreover, we have 

E[e n+ i | J* n ] = 0. 

Since t>* is linearly unstable there exists, by Lemma 13.71 / G To A and 
A > such that 

(i) : DfF(v) = Xf and, 

(ii) : fi = for % G E \ supp(v*). 

Such an / being fixed, we claim that on the event {v n —>■?;*}, 
(7) liminf (E[(e n+2 /) 2 | T n+1 ] + E[(e n+1 /) 2 | F n }} > 0. 

n— >oo 

To prove this claim, we first introduce some notation: for u a proba- 
bility measure on E, and g G Mr, denote by V M (g) the variance of g 
with respect to u 

VM'=\ £ Mj>W(^(j)-^)) 2 - 

l<j,fc<JV 
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Then for any n > and % < N, let fi n ^ be the probability measure 
defined by /i nji (j) = K i:j (v n ). Set also V n (i) := V Mn % (Q(v n )f). Then 
we have that 

E[(e n+1 /) 2 | JF n \ = V n {X n ). 
Furthermore, when v n converges toward v*, K(v n ) and Q(v n ) converge 
respectively toward K(v*) and Q(v*). Thus, for any i G E, 

liminf V n (i) > V*(i) := V^(Q(v*)f), 

n— >oo * 

where = Kij(v*), for all j < AT. Next by using the fact that 

when X n = i and A iyi = 0, then 7^ X n , we get that 

liminf {E[(e n+2 ff \ F n+1 ] + E[(e„, +1 /) 2 | 7 n }} > min c*(z), 

1 

where 

c*(i) := min(F*(i)+V*(j)), 

and 

. _ J E if i ^ 

I E \ {2} if A- ti = 0. 

Now by using that 

Q(v*)f - K(v*)Q(v*)f = f - (v*f)l 

(recall that 71 (v*) = v*), we see that Q(v*)f has constant coordinates 
on supp(f*), if and only if, / has constant coordinates on supp(f*). 
But since / G TqA and /, = for i (jL supp(t>*); this cannot be the 
case. Since > 0, when j 7^ i and j G supp(t>*), it follows already 

that c*(i) > 0, for all i £ supp(t>*). Now let i G supp(t>*) be given. 
If A iyi 7^ 0, then again we have V*(i) > 0, and thus c*(i) > 0. Now 
assume that A iti = 0. If #supp(t> *) > 3, then there can be at most one 
value of i, for which V*(i) = 0, and thus in this case we have c*(i) > 
as well. Let us then consider the case when #supp(t>*) = 2, and say 
supp(t>*) = {i,j}- Recall that if A iti 7^ 0, then V*(i) > 0. However, 
we cannot have A^ = Ajj = 0, since otherwise v* = v* = 1/2 and by 
lemma l3~Tl f * is linearly stable. Finally we have proved that in any case 
minj c*(z) > 0. Theorem 13. 91 is then a consequence of (J7J) and Corollary 
3.IV.15 p.126 in □ 

3.4. Convergence towards stable equilibria and localization. 

Theorem 3.11. Let v* be a linearly stable equilibrium. Then the prob- 
ability that v n converges towards v* is positive. 



Proof, follows from Corollary 6.5 in jB] since any linearly stable equi- 
librium is a minimal attractor. □ 
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Theorem 3.12. Let v* G A be a linearly stable equilibrium. Then a.s. 
on the event {lim^oo v n = v*}, the set E \ supp(v*) is visited only 
finitely many times. 

The proof follows directly from the next two lemmas: 

Lemma 3.13. There exists v > such that on the event {lim^oo v n = 

lim n^H^n — v*\\ = 0. 

n— >oo 

Proof. This is similar to Lemma 8 in |BT] . We give here an alternative 
and more direct proof relying on |B2j. Since v* is a linearly stable 
equilibrium there exists a neighborhood B of t)*, a constant C > 
and A > 0, such that ||$t(u) — v*\\ < Ce~ xt , for all v G B (see e.g 
[R|, Theorem 5.1). Let r n = Y2=i 1 / k and let V '■ R+ ~> A denote 
the continuous time piecewise affine process defined by a) V(r n ) = 
z n and b) V is affine on [r n , r n+1 ]. By and Doob's inequalities, 
the interpolated process V is almost surely a —1/2 asymptotic pseudo 
trajectory of <3>, meaning that 

limsup-logf sup \\®h(V(t) -V{t + h)\\ J < -1/2 

t^oo t \0<h<T J 

for all T > 0. For a proof of this later assertion see [B2J, Proposition 
8.3. Now, by Lemma 8.7 in [B2] 

limsup-log(||V(t) -v*\\) < -min(l/2,A) 

t— >oo t 

on the event {v n — > v*}. This proves that \\z n — v*\\ = 0(n~ min ^ 2,x )), 
which concludes the proof of the lemma. □ 

Lemma 3.14. For any I C {1, . . . , N} , and v E (0,1), a.s. on the 
event 

E U (I) := { lim v n (i) n v = Vi G /}, 

n— ¥oo 

the set I is visited only finitely many times. 
Proof. For m > 1, set 

^(/) :={\v k (i)\ <k~ v Vk>m VzG/}. 

Note that on E m)V (I), at each time k > m, the probability to jump 
to some vertex % G /, is bounded above by := iV 1+a A;~ aiy . Let now 
{£,k)k>m denotes some sequence of independent Bernoulli random vari- 
ables with respective parameters (pk)k>m- Then for any n > m, on 
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E m ,v(I) the number of jumps on I between time m and n is stochasti- 
cally dominated by 

n 

z n ■= ^ 6c- 

k=m 

However, it is well known that a.s. limsup Z n /n 1_!/ < oo, for any 
v' < ctv A 1. We deduce that a.s. for any v' < av A 1, 

E m>v {I) C E V ,{I). 

Since E V (I) C U m E m)V m, we deduce that a.s. for any v' < av A 1, 

E U (I) C £„,(!). 

Since a > 1, it follows by induction that a.s. 

E V {I) C ^(J), 

for any /3 G (1/a, 1). But a simple application of the Borel-Cantelli 
lemma shows that for any such 0, a.s. on Ep(I), the set / is visited 
only finitely many times. This concludes the proof of the lemma. □ 

4. The case of the VRRW on the complete graph 

In this section we study in detail the case of the VRRW on the 
complete graph described in the introduction. In other words, A is 
given by ([1]). 

Since the case N = 2 is trivial, we assume in all this section that 
N > 3. 

We first study the stability of the centers of the faces. As already 
explained, this reduces to analyze the center of A. 

Lemma 4.1. Let v = (1/N, . . . , 1/N) be the center of A. Then v is a 
linearly stable (respectively unstable) equilibrium if a < (N—l)/(N—2), 
(respectively a > (N - 1)/(N - 2) ). 

Proof. Lemma 13.71 shows that for all % ^ j, 

D ei - e .F{v)= f-l + af^^yjie.-ej). 
The lemma follows immediately. □ 

By combining this lemma with Corollary 13.81 we g e t 

Lemma 4.2. Let v be the center of the face Ai associated with some 
subset I with cardinality k < N. Then v is a linearly stable (respectively 
unstable) equilibrium if a < (k — l)/(k — 2), (respectively a > (k — 

i)/(*- 2);. 
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It remains to study the stability of the other equilibria. We will see 
that they are all unstable, which will conclude the proof of Theorem 



First we need the following lemma, which shows that coordinates of 
equilibriums take at most two different values. 

Lemma 4.3. Let v be an equilibrium in the interior of A, which is 
different from its center. Then : i < iV} = 2. 

Proof. Let a = Y2i v ? an d b = 'Yl li vf a . Since v is an equilibrium, we 
have for all i, 



Since all coordinates of v are positive by hypothesis, this is equivalent 
to 

f{vi) = a-b/a, 

for all i, where f(x) = — x 2a ~ l /a + x a ~ l . Now observe that 

f'( x ) = x a - 2 (- (2a - l)x a /a + (a - 1)), 

does not vanish on (0, 1) if a > (2a — l)/(a — 1), and vanishes in exactly 
one point otherwise. Thus for any fixed A G K, the equation f(x) = A, 
has at most one solution in (0, 1), if a > (2a — l)/(a — 1), and at most 
two otherwise. The lemma follows. □ 

Let now v be an equilibrium in the interior of A, which is different 
from its center. The previous lemma shows that its coordinates take 
exactly two different values, say u\ and it2- Since the action of per- 
mutation of the coordinates commutes with F, we can always assume 
w.l.g. that V{ = Mi, for i < k, and v,i = «2, for i > k, for some k < N/2. 
Denote now by the set of such equilibria (those in the interior of 
A, not equal to the center of A, and having their first k coordinates 
equal as well as their last N — k coordinates). For v e Ek, we also set 
t(v) = vn/v\. We have the 

Lemma 4.4. Assume that a > (N — 1)/(N — 2), and let v G E k , with 
k < N/2. If k > 1 or if t(v) < 1, then v is linearly unstable. 

Proof. It follows from Lemma [3.71 that for any i < j < k, 



o 



D e] - et F(v) 



Ai(e 



and for k + l<i<j<N, 



D ej - ei F(v) 




e<), 
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for m = 1,2. Then it just suffice to observe that if u\ < U2, Ai > 0, 
whereas if Ui > U2, X2 > 0. Thus if any of the hypotheses of the lemma 
is satisfied, there DF(v) has at least one positive eigenvalue, and so v 



On the other hand we have the following: 

Lemma 4.5. Let v 6 E k be given. If k = 1 and a > (N — 1)/(N — 2), 
then t(v) < 1 and v is unstable. Similarly, if a < (N — 1)/(N — 2), 
then v is linearly unstable. 

Proof. Following our previous notation, set U\ := V\ and U2 '■= Vjy, and 
recall that U\ 7^ w 2 , since v is not equal to the center of A. Recall 
also that t(v) = u 2 /ui. Note that since ku\ + (N — k)u2 — 1, we have 
Ui = l/(k + (N — k)t). Now the fact that v is an equilibrium means 
that F(v) = 0, which is equivalent to say that the function ip defined 



<p(t) := -(N -k- l)^" 1 + (N- k)t a - fcf" 1 + (k— 1), 

vanishes at point t(v). We now study the function (p. First <p'(t) = 
t a - 2 ij(t), with 

ij;(t) = -{2a - 1)(N -k- l)t a + a(N - k)t -(a- l)k. 

In particular ip is strictly concave, i/)(Q) < and lim^_ >oc ^(f) = —00. 
Now two cases may appear. Either ip vanishes in at most one point, 
in which case (p is nonincreasing, thus vanishes only in 1. But this 
case is excluded, since t(v) 7^ 1 by hypothesis. In the other case ip 
vanishes in exactly two points, which means that there exist t\ < 
such that (p is decreasing in (0, ii) U (t2,oo), and increasing in (ti,^)- 
Now consider first the case when k — 1, which implies <p(0) = 0. 
If a > (N - 1)/{N - 2), then (p'(l) < 0, thus <p has at most one 
zero in (0,1) and no zero in (0, 00). Together with Lemma 14.41 this 
proves the first part of the lemma. If a > (N — 1)/(N — 2), then 
<p'(l) > 0, and thus if has no zero in (0, 1) and exactly one zero in 
(0, 00), in which the derivative of (p is negative. The fact that this zero 
corresponds to an unstable equilibrium will then follow from (jSJ) below. 
But before we prove this fact, let us consider now the case k > 1 and 
a < (N - l)/(N - 2), which imply that ip(0) > and ip'(l) > 0. Thus 
(p vanishes in exactly one point in (0, 1) and another one in (1, 00), and 



with 




is linearly unstable. 



□ 



by 



STRONGLY REINFORCED VRRW ON THE COMPLETE GRAPH 



14 



again the derivative of (p in these points is negative. So all that remains 
to do is to prove the following fact 

(8) If v G Ek is such that <p'(t(v)) < 0, then v is unstable. 

Let us prove it now. For t G (0,oo), set U\(t) = l/(k + (N — k)t) 
and u-zit) = tv,\(t). Then let v(t) G (0,1)^, be the point whose first 
k coordinates are equal to U\(t) and whose last N — k coordinates are 
equal to U2{t). Then we have 

H(v(t)) = k{k-l)u 1 {t) 2a +2k{N-k)t a u 1 {t) 2a +{N-k){N-k-l)t 2a u 1 {t) 2a , 
and after some computation we find that 

where ek is the vector, whose first k coordinates are equal to — (N — k) 
and whose last N — k coordinates are equal to k. Then notice that 
D ek F(v(t)) = c(d/dt)F(v(t)), for some constant c > 0. But recall that 
when v(t) is an equilibrium, (p(t) = 0. Thus 

jt F ^ = -i^W lAt)et - 

So if <p'(t) < 0, efe is an unstable direction, proving (jHJ). This concludes 
the proof of the lemma. □ 

The two above lemmas show that any equilibrium in the interior of A, 
which is not equal to the center of A is linearly unstable. Together 
with Lemma 14.21 and Theorems 13.91 13.111 and 13.121 this concludes the 
proof of Theorem 11.11 □ 
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